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A graph H is said to be light in a family H of graphs if each graph G ∈ H containing a
subgraph isomorphic to H contains also an isomorphic copy of H such that each its vertex
has the degree (in G) bounded above by a finite number ϕ(H,H) depending only on H and
H . We prove that in the family of all 3-connected plane graphs of minimum degree 5 (or
minimum face size 5, respectively), the paths with certain small graphs attached to one of
its ends are light.
© 2009 Published by Elsevier B.V.
1. Introduction
Throughout this paper we consider finite connected plane graphs without loops or multiple edges. For a plane graph G,
denote by V = V (G), E = E(G) and F = F(G) the set of its vertices, edges and faces, respectively. A k-vertex (a k-face) will
stand for a vertex (a face) of degree k.
LetH be a family of graphs and let H be a connected graph that is isomorphic with a subgraph of at least one member of
H . Denote by ϕ(H,H) the smallest integer such that each graph G ∈ H containing a subgraph isomorphic to H , contains
also a subgraph K such that K is isomorphic to H (or shortly, K ∼= H) and
∀v ∈ V (K) : degG(v) ≤ ϕ(H,H).
If such a finite number does not exist or there is no graph inH which containsH as a subgraph, thenwe set ϕ(H,H) = +∞.
We say that a graph H is light in a family H if ϕ(H,H) is finite, otherwise we call it heavy. Note that if H is a finite
family of graphs, then every subgraph of every graph G ∈ H is light inH . Sometimes (see [11]) it is required that the above
mentioned graph H has to be a subgraph of infinitely many graphs fromH , to avoid, for example, the case of the family of
all 4-connected plane triangulations, where all its graphs are trivially light by the original definition.
It is well known that every plane graph contains a vertex of degree at most 5, and the value 5 is the best possible. In our
terminology, it means that the graph K1 is light in the familyP of all plane graphs and ϕ(K1,P ) = 5. It is easy to show that
no other graph is light in P — for given connected plane graph G on at least two vertices and for fixed n ∈ N, we construct
a plane supergraph Gn ⊇ G in the following way: for each edge uv ∈ E(G) add new vertices w1uv, . . . , wnuv and new edges
uwiuv, vw
i
uv for i = 1, . . . , n. The obtained graphs are plane and, for any fixed k ≥ 2 and n > k, the subgraph of Gn induced
by vertices of degree at most k (that is, by the ones just inserted) is edgeless.
On the other side, when considering different families of plane graphs, it happens that there are light graphs other than
a single vertex. The classical example is the beautiful result of Kotzig [8] stating that each polyhedral (that is, 3-connected
plane) graph contains an edge such that its weight (the sum of degrees of its endvertices) is at most 13, and at most 11 in
the case of absence of 3-vertices; these upper bounds are the best possible. This result was a starting point for systematic
discovery of subgraphs of small degrees of their vertices in graphs of various families. Among first of them, there were
studied parametrized families Gc(δ, ρ) of c-connected plane graphs of minimum vertex degree ≥ δ and minimum face
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size ≥ ρ (note that Euler polyhedral formula gives (δ, ρ) ∈ {(3, 3), (4, 3), (5, 3), (3, 4), (3, 5)}) and the families T (δ) of
plane triangulations of minimum vertex degree≥ δ. Fabrici and Jendrol’ [2] proved that ϕ(Pk,G3(3, 3)) = 5k and, for each
graph H 6∼= Pk, ϕ(H,G3(3, 3)) = +∞. The situation is similar for families G3(4, 3) and G3(3, 4) (see [1,3]) — the only light
graphs are paths. But, regarding the familyG3(5, 3), we obtain a different picture: in addition to paths, the stars (see [4]) and
cycles (in [6,10]) are light. Similarly, for the family G3(3, 5), there are light graphs other than paths, see [5,9]. Further, there
were considered other families of plane/polyhedral graphs, under weaker assumptions than the requirement of minimum
vertex degree or face size — for example, the families of plane graphs of specified minimum vertex degree and minimum
edge weight (for details, see [12,11]). Note that for almost all studied graph families, the complete set of light graphs is not
known even in the casewhen the requirement of 3-connectivity is dropped. Also, themajority of light graph results concerns
the light graphs that are small (up to 10 vertices). The paper [7] surveys a lot of results for plane graphs.
The aim of this paper is to prove the lightness of certain graphs in the families G3(5, 3), T (5) and G3(3, 5). Let Pk =
v1v2 . . . vk be a k-vertex path. Let H1k = Pk + v1v3,H2k = H1k + v1v4,H3k = Pk + v1v4 + v2v4,H4k = H2k + v1v5 and
Ak = Pk + v1v5.
Theorem 1.1. ϕ(H ik,G3(5, 3)) < 30k− 90 for k ≥ 4 and i = 1, 2, 3,
ϕ(H4k , T (5)) < 30k− 90 for k ≥ 5.
Theorem 1.2. ϕ(Ak,G3(3, 5)) < 18k+ 18 for k ≥ 6.
The proofs of both theorems are based on the Discharging method (which was also used in the proof of the Four Colour
Theorem). In each case,we consider a hypothetical counterexampleGwhich has theminimumnumber of vertices, say n, and,
in addition, the maximum number of edges among all such counterexamples on n vertices. Then, each vertex and each face
of G is assigned a certain number called an initial charge (the assignment is provided according to a specified consequence
of Euler polyhedral formula) such that their total sum is negative. Next, the local redistribution of charges is performed and
the subsequent analysis gives that either the considered graph is not a counterexample, or the total sum of new charges
after redistribution is nonnegative; both conclusions lead to a contradiction.
For the purposes of proofs, we introduce several specialised notions. In a counterexample G, a big vertex is a vertex of
degree at least m (where m is fixed at the beginning of a proof; it depends on the graph that is to be proved to be light).
Other vertices of the counterexample are called small.
Let v be a big vertex. Consider the graph comprised of vertices and edges that are incident with all faces incident with
v. After removing the vertex v and all edges incident with v from the resulted graph, we obtain a cycle C (this follows from
the requirement of 3-connectivity of G). Now consider the graph C ′ obtained from C by removing all big vertices (if there
are any) together with incident edges. A segment (with respect to v) is any maximal path in C ′. For an integer l (which is
specified at the beginning of each proof), a segment is called long if it contains at least l vertices, and short otherwise.
LetM = M(G) be the graph induced on the set of small vertices of a minimal counterexample G; it will be called aminor
graph. Each component of M contains several segments that may be short or long. A component of M is called short if it
contains no long segments, and long otherwise. Considering an arbitrary component ofM as a plane subgraph of the plane
diagram of G, it has more faces than G; their boundaries consist of segments.
The main idea of all proofs is to use such a local redistribution of charges that the only vertices (faces) of negative charge
are those ones of degree (size) 5 (depending on the family G3(5, 3) or G3(3, 5), respectively) and, for each short component,
its total charge (that is, the sum of charges of its vertices and faces) is nonnegative. This implies the existence of a long
component with the required vertex (or face) of degree (size) 5, which directly gives the existence of the subgraph on small
vertices that is prescribed in theorem, a contradiction.
2. Proof of Theorem 1.1
Let k and i be fixed, and let H := H ik. Let Xk be the upper bound from Theorem 1.1 depending on the family G and the
graph H . The big vertices are the ones of degree at least Xk. The long segment be the one on at least
Xk
5 − 1 vertices.
We proceed by contradiction. Assume that G ∈ G is the minimal counterexample that contains H as a subgraph and each
isomorphic copy of H in G contains a big vertex as specified above.
Proposition 2.1. Each big vertex of G is incident only with 3-faces.
Proof. Suppose that there is a big vertex v incident with a face f of size at least 4. Insert a diagonal vz into f , dividing it into
two smaller faces (from 3-connectivity of G, it follows that no loops or multiple edges appear). The resulting graph is also
a counterexample, but it has one edge more than G, a contradiction. 
Continuing with Discharging method, the initial charge µ : V (G) ∪ F(G) → R is µ(v) = degG(v) − 6 for each
vertex v ∈ V (G), and µ(f ) = 2 degG(f ) − 6 for each face f ∈ F(G). From Euler polyhedral formula, we obtain that∑
x∈V (G)∪F(G) µ(x) = −12.
The rules of distribution of initial charges are as follows (for proving the lightness of H4k in the family T (5), Rules 2 and
1b are used, otherwise Rules 1 and 2 are used):
Rule 1: Each k-face, k 6= 3 redistributes its charge equally among all incident small vertices.
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Rule 2: Each big vertex sends to each its neighbour on a short segment the charge 1, and to each its neighbour on a long
segment the charge α.
Rule 1b: Each small k-vertex, k ≥ 6 which is incident with a big vertex sends to each its neighbour of degree 5 the charge β .
For G = G3(5, 3), we put α = 12 , for G = T (5)we put α = 56 , β = 16 .
Letµ′ be the charge function after the above defined redistribution. Since the initial charges of all faces are nonnegative,
by the Rule 1, the new charges of all faces are nonnegative. A small vertex v of degree at least 6 has a nonnegative initial
charge; by the Rule 1 and/or Rule 2, it may receive a positive charge and, by Rule 1b, it may send a part of its charge. If Rule
1b is applied, we get µ′(v) ≥ degG(v)− 6+ 56 − 16 (degG(v)− 1) = 56 (degG(v)− 6) ≥ 0.
Thus, after redistribution, only big vertices or 5-vertices may possess a negative charge. Now, we show that for a big
vertex v, µ′(v) ≥ 0. If v has at least 6 big neighbours, then it has at most degG(v) − 6 small neighbours, sending at most
1 to each of them; thus µ′(v) ≥ 0. If v has no big neighbour, then all vertices from the neighbourhood of v belong to the
same segment of the length degG(v) ≥ Xk > Xk5 − 1 and soµ′(v) ≥ degG(v)− 6−α degG(v) = (1−α) degG(v)− 6, which
is nonnegative for v big. If v has t ∈ {1, 2, 3, 4, 5} big neighbours, then it contains in its neighbourhood at least one long
segment (since the average length of a segment is degG(v)−tt = degG(v)t − 1 ≥ Xkt − 1). Hence, v sends at most
degG(v)− t − (1− α)
(
degG(v)
t
− 1
)
and so
µ′(v) ≥ degG(v)− 6− degG(v)+ t + (1− α)
(
degG(v)
t
− 1
)
.
For α = 12 we have
µ′(v) ≥ t − 6+ degG(v)
2t
− 1
2
≥ degG(v)− 21
2t
≥ 0.
For α = 56 we have
µ′(v) ≥ t − 6+ degG(v)
6t
− 1
6
≥ degG(v)− 57
6t
≥ 0.
We conclude that µ′(v) is negative only for 5-vertices.
Now, we show that, after redistribution, the total charge of a short component K is nonnegative (the total charge of K is
the sum of new charges of vertices of K and those faces of K that are also present in the original graph G). To do this, consider
the graph K ′ that arises from K by adding new vertices and edges in the following way: into each face of K that is not a face
of G, for each segment insert a new vertex and join it by new edges with all vertices of that segment (note that a vertex may
belong to several segments, even a single vertex may appear as a segment several times for different big vertices). Let r be
the number of inserted vertices and t be the number of inserted edges.
In K ′, each vertex from G has the same degree as in G; moreover, K ′ contains (in addition to faces of G) 3-faces consisting
of one new and two original vertices, and, finally, it contains several faces whose boundary consists of alternating new and
original vertices. Let s be the number of such faces.
Since K is a short component, by Rule 2 each big vertex that has a neighbour in K contributes 1 to K . Therefore, we have
µ′(K) =
∑
x∈V (K)∪(F(G)∩F(K))
µ′(x)
=
∑
x∈V (K)
µ′(x)+
∑
x∈F(G)∩F(K)
µ′(x)
=
∑
x∈V (K)
µ(x)+
∑
x∈F(G)∩F(K)
µ(x)+ t.
The last equality follows also from the fact that the faces of F(G) ∩ F(K) send a charge only to vertices of V (K).
Consider now the new charge functionψ on K ′ such thatψ(v) = degK ′(v)−6 for v ∈ V (K ′), andψ(f ) = 2 degK ′(f )−6
for f ∈ F(K ′). Then, by Euler’s polyhedral formula we have∑x∈V (K ′)∪F(K ′) ψ(x) = −12. But, for x ∈ V (K) ∪ (F(G) ∩ F(K)),
ψ(x) = µ(x); hence, we obtain
µ′(K) =
∑
x∈V (K)
ψ(x)+
∑
x∈F(G)∩F(K)
ψ(x)+ t
=
∑
x∈V (K ′)∪F(K ′)
ψ(x)−
∑
x∈V (K ′)\V (K)
ψ(x)−
∑
x∈F(K ′)\F(G)
ψ(x)+ t
= −12+ t −
∑
x is added vertex
ψ(x)−
∑
x is a new 3-face
ψ(x)−
∑
x is a new≥4-face
ψ(x)
420 R. Hajduk, R. Soták / Discrete Mathematics 310 (2010) 417–422
= −12+ t − (t − 6r)− 0− (4r − 6s)
= −12+ 2r + 6s.
But s ≥ 1, since G contains at least one big vertex; also, r ≥ 3, since G is 3-connected and K consists only of short
segments. Hence, µ′(K) ≥ 0.
So, there must exist a 5-vertex v with µ′(v) < 0 that is contained in a long component. Consider now two possibilities:
Case A: The vertex v belongs to a long segment. In this case, v has, except a big neighbour, four other neighbours v1, . . . , v4
which are small. Moreover, v is incident only with 3-faces (otherwise, by Rules 1 and 2, µ′(v) ≥ 0). The long segment
that contains v is divided by v, v1, v2, v3 and v4 into at most four parts (two neighbours of v are directly its neighbours
also on the given segment). Among these parts, consider the longest one together with vertices v, v1, v2, v3, v4, with edges
of 3-faces on small vertices in the neighbourhood of v and with one edge of long segment that joins this part of segment
with some of v1, . . . , v4. Since this part has a length of at least
Xk
5 −1−5
4 = Xk−3020 ≥ k − 4, the considered graph on small
vertices contains H ik for i = 1, 2, 3, a contradiction. If we consider the proof involving H4k , we obtain that only two small
neighbours of v belong to a long segment, otherwise, by Rule 1b,µ′(v) ≥ 0; here the length of the considered part is at least
Xk
5 −1−3
2 = Xk−2010 ≥ k− 5 and again, a graph H4k on small vertices is found, a contradiction.
Case B: The vertex v does not belong to a long segment. Then, it does not belong to any segment (since µ′(v) ≥ 0) and all its
neighbours v1, . . . , v5 are small. Moreover, at most one face incident with v is of size greater than 3 (otherwise, by Rule 1,
µ′(v) ≥ 0). Since the long component we consider is connected, it contains a path joining v with a long segment. If some of
v1, . . . , v5 belongs to a long segment, then this segment is divided into at most six parts. Consider the longest of these parts;
it is connected by a path P˜ with some of vertices v1, . . . , v5, where the internal vertices of this path (if there are any) differ
from the vertices of long segment as well as from the vertices v, v1, . . . , v5. Taking this longest part, the mentioned path P˜
together with the vertex v and its neighbourhood (including edges vivj that are incident with faces surrounding v), we find
H ik for i = 1, 2, 3 (since
Xk
5 −1−5
6 = Xk−3030 ≥ k − 4), a contradiction. If the proof involves H4k , we also take into account the
fact that G is a triangulation. 
Note that the upper bounds in Theorem 1.1 are probably not the best possible; since each considered graph H ik contains
as a subgraph a k-path, this gives the lower bound being at least 5k− 235 for k ≥ 68, and 5k− 7 for 8 ≤ k ≤ 67 (see [7,1]).
3. Proof of Theorem 1.2
Let k be fixed and let Xk be the upper bound as given in Theorem 1.2. For given k let H := Ak. A big vertex is again a vertex
of degree at least Xk, a long segment is a segment that contains at least Yk = Xk3 −8 vertices.Wewill proceed by contradiction
— let G ∈ G be minimal counterexample containing H as a subgraph, and let every isomorphic copy of H in G contains a big
vertex.
Proposition 3.1. Each big vertex of G is incident only with 5-, 6- or 7-faces.
Proof. Suppose there is a big vertex v incident with a t-face f for t ≥ 8. Then, it is possible to insert a diagonal vz into f
dividing it into two smaller faces of sizes 5 and t−3. The resulting graph is also a counterexample, but it has one edge more
than G, a contradiction. 
We continue again by Discharging method with the initial charge assignment µ(v) = 2 degG(v)− 6 for each v ∈ V (H),
µ(f ) = degG(f )− 6 for each f ∈ F(H) and−12 =
∑
x∈V (H)∪F(H) µ(x). The discharging rules are the following:
Rule 1: Each big vertex v sends the charge 1 to each small vertex u that belongs to a short segment with respect to v.
Rule 2: Each big vertex v sends to each incident 5-, 6- or 7-face f the charge
(a) 1, if f is incident either with exactly one big vertex or with two adjacent big vertices (adjacent on f );
(b) 12 otherwise.
Rule 3: Each face f incident with at least two big vertices sends the charge 1 to each incident small vertex that has no big
neighbour on f .
Rule 4: Each face f incident with exactly one big vertex redistributes the charge degG(f )−5 equally among all incident small
vertices.
We will show that, after redistribution, the negative charge is assigned only to some 5-faces, while short components
of minor graph have nonnegative charge. This implies the existence of a long component of the minor graph that contains
a 5-face with a negative charge. In this component, an isomorphic copy graph H is found in the similar way as in the proof
of Theorem 1.1.
First, a small vertex x receives only a nonnegative charge, hence µ′(x) ≥ µ(x) = 2(degG(x) − 3) ≥ 0. A t-face, t ≥ 8
neither transfers nor receives a charge, thus µ′(x) = µ(x) = degG(x)− 6 ≥ 0. The same also holds for 6- or 7-faces which
are not incident with a big vertex. If a face x is incident with only one big vertex (that is, the size of x is 5, 6, or 7), then,
by Rule 2 it receives 1 and by Rule 4 it transfers degG(x) − 5; hence again, µ′(x) = µ(x) + 1 − (degG(x) − 5) = 0. If
a face x is incident with exactly two big vertices that are adjacent (on x), then, by Rule 2, it receives the charge 2 and by
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Rule 3 it transfers degG(x) − 4, yielding µ′(x) = µ(x) + 2 − (degG(x) − 4) = 0. If a face x is incident with at least two
big vertices that are not adjacent on x, then, by Rule 2, x receives at least 1 and by Rule 3 it sends at most degG(x) − 5, so
µ′(x) ≥ µ(x)+ 1− (degG(x)− 5) = 0.
This analysis shows that, after redistribution, a negative charge may possess only a 5-face incident only with small
vertices, or a big vertex. Now we show that a big vertex v has nonnegative charge after redistribution. If v contains in
its ‘‘neighbourhood’’ a long segment S, then S contains at least Yk vertices. Since each face incident with a big vertex has size
at most 7, the segment S contains at least Yk−45 neighbours of the vertex v. These vertices are small, receiving no charge from
v by Rule 1. Thus
µ′(v) ≥ µ(v)−
(
degG(v)− Yk − 45
)
− degG(v) = Yk − 345 =
Xk − 126
15
≥ 0.
In the sequel assume that v has in its ‘‘neighbourhood’’ only short segments. The vertex v is incident with degG(v) ≥ Xk
faces. Consider now, in the ‘‘neighbourhood’’ of v, several vertex disjoint paths, each of them covering d Yk4 e+1 faces incident
with v such that their ends are not neighbours of v. These paths may be chosen in such a way that, for each face f incident
with v, the vertices of f belong to atmost one of them. Since the faces are of sizes at least 5, each of considered paths contains
at least 4( Yk4 + 1)− 2 = Yk + 2 vertices, hence, it contains a big vertex z. If z is adjacent with v, then, by Rule 1, v sends no
charge to z; if it is not adjacent with v, then, by Rule 2b, v sends to corresponding face only 12 . In any case, v saves at least
1
2
of charge. But, there are at least 12 such paths, since degG(v) ≥ Xk = 3(Yk+ 8) = 12( Yk4 + 2) ≥ 12(d Yk4 e+ 1). Thus v saves
at least 6 in total, which means that it sends (by Rule 1 and Rule 2) together at most 2 degG(v)− 6, so µ′(v) ≥ 0.
Consider now a short component K and denote its charge by µ′(K) =∑x∈V (K)∪(F(K)∩F(G)) µ′(x). Into the faces that do
not belong to G (let their number be s), with each short segment, insert a new vertex and join it with these vertices that
were neighbours of the corresponding big vertex. Note that if the inserted vertex is not adjacent with any vertex of the
component K , its insertion is not performed. Denote the resulted graph by K ′ and let r be the number of inserted vertices,
and let t be the number of added edges. The charge function ψ on K ′ be defined as ψ(v) = 2 degK ′(v) − 6 for v ∈ V (K ′),
and ψ(f ) = degK ′(f ) − 6 for f ∈ F(K ′). Then −12 =
∑
x∈V (K ′)∪F(K ′) ψ(x). Since the degrees of vertices of K are in K ′ the
same as in G, we get µ(v) = ψ(v) for v ∈ V (K). Next, a face f ∈ F(K) ∩ F(G) has µ′(f ) = µ(f ) = ψ(f ). The new faces of
K ′ (those ones that do not appear in G) are of two types:
Type A: incident with exactly one inserted vertex;
Type B: incident with at least two inserted vertices (and, according to 3-connectivity of Gwith at least three such vertices).
The set of new faces of K ′ that are of type Awill be denoted by A′ (similarly for type B faces); further, let V ′ = V (K ′)\V (K)
and F ′ = F(K) ∩ F(G).
Now examine the difference between sums
∑
x∈V (K) µ′(x) and
∑
x∈V (K) µ(x). The total charge sent to K by Rule 1 is t .
The component K receives no charge by Rule 2 (the faces incident with a big vertex are not faces of minor graph). By Rule
3, the component K receives the charge 1 for each vertex being incident with a face of type B in K ′ (if a vertex has multiple
incidence with a face in K ′, it receives in G the charge 1 the corresponding number of times) such that, at the boundary of
this face, it is not adjacent with a new vertex. Then the total charge for K by Rule 3 is at least (
∑
f∈B′ degK ′(f )) − 3r (each
new vertex is incident with two vertices of K at the boundary of a face of type B) and at most (
∑
f∈B′ degK ′(f )) − 2r (if,
for each face of type B, its boundary consists of new inserted vertices alternating with vertices of K ). Finally, by Rule 4 the
component K receives the charge
∑
f∈A′(degK (f )− 5).
Then we have
−12 =
∑
x∈V (K ′)∪F(K ′)
ψ(x) =
∑
x∈V (K)
ψ(x)+
∑
x∈F ′
ψ(x)+
∑
x∈V ′
(2 degK ′(x)− 6)+
∑
x∈A′
(degK ′(x)− 6)+
∑
x∈B′
(degK ′(x)− 6)
=
∑
x∈V (K)∪F ′
µ(x)+ 2
∑
x∈V ′
degK ′(x)− 6r +
∑
x∈A′
(degK ′(x)− 5)−
∑
x∈A′
1+
∑
x∈B′
degK ′(x)− 6s
=
∑
x∈V (K)∪F ′
µ(x)+ 2t − 6r +
∑
x∈A′
(degK ′(x)− 5)+
∑
x∈A′
1+
∑
x∈B′
degK ′(x)− 6s.
Substituting the term∑
x∈A′
1 =
∑
x∈V ′
(degK ′(x)− 1) =
∑
x∈V ′
degK ′(x)−
∑
x∈V ′
1 = t − r
gives
µ′(K) ≥
∑
x∈V (K)∪F ′
µ(x)+ t +
∑
x∈B′
degK ′(x)− 3r +
∑
x∈A′
(degK ′(x)− 5) = −12+ s+ 2r.
Now, taking into account the facts that s ≥ 1 and r ≥ 3 (again due to 3-connectedness of G), we obtain µ′(K) ≥ 0.
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So, we have proved that G contains a long component with a 5-face f (having a negative charge). Consider now a long
segment of this component, the 5-face f and the shortest path within the component that joins f with the long segment;
some of vertices of f may belong directly to the long segment, in this case the interconnecting shortest path consists
of a single vertex. Since the long segment has at least Yk vertices, after removing vertices that belong also to f or to
interconnecting path, the considered segment is broken into at most six parts, the longest of which contains at least Yk−56
vertices. This longest part together with f and interconnecting path has at least Yk−56 + 5 = Yk+256 = Xk+5118 ≥ k vertices,
hence, it contains a graph H comprised only of small vertices, a contradiction. 
Note that the upper bound from Theorem 1.2 is probably not the best possible; since the graph Ak contains a k-vertex
path, the lower bound is 53k− 80 for k ≥ 935 (I. Fabrici, private communication) and 59 (k− 10) for 38 ≤ k ≤ 934 (see [5]).
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